A new simple closed-form equation that accurately predicts the effect of an arbitrarily large constant axial load, residual stress or temperature shift on the natural frequencies of an uniform single-span beam, with various end conditions, is presented. Its accuracy and applicability range are studied by comparing its predictions with numerical simulations and with the approximate Galef's and Bokaian's formulas. The new equation may be understood as a refinement or extension of these two approximate formulas. Significant accuracy and applicability range improvements are achieved, especially near the buckling point and for large and moderate axial load. The new closed-form equation is applicable in the full range of axial load, i.e., from the buckling load to the tensionedstring limit. It also models well the beam-to-string transition region for the eight boundary conditions studied. It works remarkably well in the free-free and sliding-free cases, where it is a near-exact solution. In addition, it yields the natural frequencies of a 1-D spring-mass system that may be used to model tensioned beams, and potentially, more complex systems.
Introduction
The study of the vibration of beams subjected to axial loads is a classic topic discussed in many technical publications [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . One reason for this is that the natural frequencies of axially loaded beams, widely used in many macro and micro structures, are of practical interest in a large number of applications. For example, for structural health monitoring of structures [18] [19] [20] ; for using resonance as a sensing mechanism in micro and nano-devices [21] ; for predicting the behavior of micro devices under temperature or stress variations [22, 23] ; for estimating the tension, residual stress and other physical parameters from the vibration response [18, 19, 24] ; and in general for analyzing free vibrations of any other beam-type tensioned or compressed structure.
The natural frequencies of beams under no axial load can be calculated with very well known analytical formulas [25] . However, an axial load has the effect of increasing the natural frequency if the load is tensile, or decreasing it if the load is compressive. At a critical compressive load the frequency goes to zero and the beam buckles. Contrarely, if the beam is sufficiently tensioned, the flexural rigidity EI is insignificant compared to the bending stiffness associated with the applied tension. The beam behaves as a straight tensioned string in this latter case. Given that, in many situations, beams are subjected to temperature shifts or axial loads, or are fabricated with non-zero axial residual stress, important shifts in their natural frequencies may be observed. This can be seen, for example, in [26] , where the beam-to-string transition of axially loaded carbon nanotubes was characterized. In this regard, an approximate simple equation for predicting natural frequency as a function of axial load for clamped-clamped beams was proposed by Galef in 1968 [1] . It established a linear relationship between the squared frequency 2 and the axial load T . Later, Bokaian [3, 4] showed that this relationship is exact for three types of boundary conditions [3, 9] (pinned-pinned, slidingsliding, and sliding-pinned single-span uniform beams). The problem is explicitly solvable in those 3 particular cases because the vibration mode shape under no axial load and the buckling mode shape are identical [4, 27] , which does not occur in general. Interestingly, Guédé et al. [5] then showed that there are some very special cases of inhomogeneous beams where those formulas also hold. When the axial load is not larger than the buckling load, the accuracy of Galef's equation is generally within 1% (see 8.1.4 of [25] ). However, in the case of larger axial loads, very common in micro and nano-beams [26] , its accuracy can be worse than 10%. In 1989, Joshi [6] added a quadratic term to Galef's equation in order to improve its accuracy between − 0.4 and 2.0 times the buckling load. Unfortunately, for larger loads the error of the quadratic equation grows significantly. Bokaian [4] then suggested a modified Galef's formula with a corrective coefficient which depends on the type of end conditions, increasing its applicability to other end conditions. Liu et al. [10] focused on the free-free beam and calculated numerically the natural frequencies as a function of the applied tension T . Then, they obtained by least-squares fitting several cubic polinomial equations that relate and T for the first 4 modes. However, a cubic equation does not describe well the behavior over a wide range of axial load. For this reason, depending on whether the axial load was small, medium or large, the resonance frequency had to be looked up using a plot, or one of the two sets of cubic equations given in the article.
In some cases, the practical applications deal with highly tensioned structures. In this regard, estimation of cable tension from its natural frequencies using approximate simple formulas rather than iteration or numerical processes has been the objective of several works [15] [16] [17] [18] [19] . Many of them include the effects of flexural rigidity and/or cable sag. Flexural rigidity cannot be neglected when tension is sufficiently small. While gravity effects are negligible in the microscopic world they need to be considered in long macroscopic cables used, for example, in bridges [28] . In [15] several approximate formulas for calculating the first and second natural frequencies of inclined cables are provided. They work well but, similarly to [10] , each formula is applicable for a different positive tension range. Mehrabi and Tabatabai [16] proposed a similar non-dimensional relationship than worked well for clampedclamped conditions and tension values over a given threshold. Ren et al. [17] proposed empirical expressions when considering either bending stiffness or cable sag. Again, each expression is applicable for a given range of tensile axial load. Fang et al. [18] derived by curve-fitting a simple explicit formula for calculating the natural frequencies of axially tensioned cables, which takes into account bending stiffness but cable sag is ignored. It works well for relatively high tension values and higher or antisymmetric vibration modes of clamped-clamped cables where the bending stiffness cannot be neglected. In 2015, Huang et al. [19] explicitily presented unified practical formulas for three types of boundary conditions, namely, pinned-pinned, clamped-clamped and pinned-clamped ends. Cable tension may be calculated using frequencies of the first 10 modes. Bending stiffness is accounted for, but cable sag is considered negligibly small. Fortunately, the second or higher modes may be used to calculate tension in cables with large sag extensibility [18] . Another benefit of these unified formulas is that they are continuous rather than piecewise functions. However, the calculation of the of parameter of the unified formulas is not trivial and typically requires numerical procedures. In addition, although they work well for most cable-stayed bridges, they will not work well for axially loaded structures where the axial load is sufficiently small or compressive. This limitation is shared by the other aforementioned formulas applicable for tensioned cable structures [15] [16] [17] [18] [19] . In addition, most of them use piecewise functions based on the tension or frequency value. Finally, either clamped-clamped conditions are assumed, or numerical procedures or different formulas are required to find the relation between tension and frequency.
Additionally, more complex axially loaded systems have been and still are the focus of extensive research. Some examples include nonuniform initial stress in curved beams, studied in [29] , which derived the equations of motion using the principle of virtual work. Recently, the effects of initial curvatures on the fundamental frequency of axially loaded beams were studied experimentally and numerically in [13] . Coupled flexural-torsional vibration in the presence of axial loads was studied, for example, in [6, 30] , while axial-bending coupled vibration was studied in [31] . Furthermore, [32, 33] considered non constant axial forces and [33, 34] included an added mass. The presence of cracks in axially loaded beams has also dragged the attention of researchers, such as in [35] [36] [37] [38] [39] . Many studies [12, 14, 31, 37, 38, [40] [41] [42] [43] [44] tackled the problem of modeling general loads, arbitrary boundary conditions or geometric discontinuities, such as cracks or multi-span beams, by making use of attached lumped elements, such as springs, spring-mass systems, dampers and others. Other studies, such as [31, [45] [46] [47] focused on, or considered, forced vibrations of axially loaded beams. Recently, [31] presented an analytical method for solving both free and forced vibrations of axially loaded stepped multi-layered beams with arbitrary boundary conditions. Nonlinear behavior of axially loaded beams was treated mathematically, for example, in [34, 48, 49] . More specifically, Gunda et al. [49] derived approximate closed-form solutions that relate resonance frequency with vibration amplitude, useful when the vibration amplitude is large enough to cause membrane stretching of the beam, and its associated nonlinear behavior. Experimental studies were also conducted in [50] to measure the natural frequency of a clampedclamped steel beam under large axial tensile force, reaching the plastic deformation regime. [51] derived an analytical solution for the free vibration of simply supported axially loaded nanobeams based on nonlocal elasticity theory, rather than classical continuum theory. Finally, [46] recently developed an energy finite element method for predicting the high frequency vibration response of beams with axial force. Evidently, the research of axially loaded beams is broad and still intense.
The recent advances in numerical and analytical methodologies have provided very useful tools for dealing with increasingly complex axially loaded systems. For example, the characteristic frequency equation of complex systems may be obtained using relatively laborious methodologies. But the resonance frequency is still contained in a transcendental equation, only solvable numerically as in [52] . So, despite of all the previous work, there is no explicit equation that provides accurate resonance frequency estimation for the full range of axial load, i.e. from the buckling load to the string limit regime, with other end conditions apart from the three types previously mentioned. As a consequence, and given their simplicity, Galef's [1] and Bokaian's equations [4] are still widely used as in [20, 22, 23, 26, 53] .
In this study we search for a generic explicit and simple closed-form equation that accurately predicts natural frequencies of beams as a function of the axial load, temperature variation or residual stress, valid for general boundary conditions, and from the buckling point to the string limit regime. The formula will be obtained in Section 2.5 after adding a correction term to Bokaian's equation. Empirical coefficients will be calculated analytically for the fundamental mode, and numerically for the first 5 vibrational modes using eight different boundary conditions.
Lumped models play a very important role in current physical system modeling. For this reason, a simple spring-mass system that models the natural frequencies of axially loaded beams will be also provided in Section 2.5 .
Analytical formulation

Background
Two well-known methods for studying the mechanical vibration of continuous systems are: 1) Direct solving of the related differential equations and 2) Rayleigh's method or energy approach. Let us briefly discuss both methods applied to axially loaded beams.
Direct solving of the equations
Under the assumption that the material is linearly elastic, and the shear deformation and rotary inertia are negligible (Euler-Bernoulli beam theory), the equation of motion that governs the small deflection Y of an axially loaded beam as a function of the position x and time t is the following linear partial differential equation ( [2, 54] ):
where q ( x, t ) is the external transversal force per unit length (a list of symbols is given in the Appendix B ). The effect of the axial load is contained in the second term, which if moved to the right hand side, may be interpreted as the transversal force that appears when an axial load or tension = is applied to the beam. For constant tension along the beam, this force is directly proportional to the second derivative of Y , or the beam curvature ( 2 Y / x 2 ).
For the free vibration case ( ( , ) = 0) , and assuming constant tension along the beam ( ( )∕ = 0 ) and a sinusoidal dependence of dis-placement with time ( , ) = ( ) * ( ) Eq. (1) yields:
The solution of Eq. (2) involves solving a transcendental characteristic equation as shown in [4, 9, 10] . Although numerically solvable, transcendental equations often do not have analytical closed-form solutions. Galef [1] and later Bokaian [4] proposed simple closed-form equations for describing the approximate variation of the normalized natural frequency parameter, Ω with the normalized tension parameter ̄ . Both equations will be discussed in the following sections.
Rayleigh's method
The resonant frequency of a mechanical system can be also obtained by equating its maximum kinetic energy to its maximum potential energy. This procedure is known as the Rayleigh energy method and, for the case of mechanical beams when the exact modal shape Y ( x ) is known, the obtained frequency is exact. Otherwise, it is an approximation. Typically, the final expression has the system's effective stiffness in the numerator and an effective mass in the denominator. For example, as stated in [4] , the Rayleigh quotient for the fundamental natural frequency of a beam with axial tension T may be written as:
Y typically depends on the applied load T , so its exact calculation involves solving Eq. (2) and its associated transcendental equation, which unfortunately does not allow a closed-form solution for the frequency as a function of the applied tension. For this reason, significant effort [1] [2] [3] [4] [5] [6] [7] 10] has been put into finding and analyzing simple closed-form equations that describe the variation of with the applied tension.
Lumped 1-D model description
Let's multiply the numerator and denominator of Eq. (3) by 1∕ 2 max and rewrite it in terms of the effective stiffness and mass, yielding:
which corresponds to a 1-D mechanical system composed of a mass = ∫ 0 ̄ 2 connected to two springs in parallel, = ∫ 0 ( 2 ̄ ∕ 2 ) 2 or flexural stiffness, and = ∫ 0 ( ̄ ∕ ) 2 or tensional stiffness (see Fig. 1 ).
If Y were independent of the applied tension, as is the case for pinned-pinned, sliding-sliding and pinned-sliding beams (see [4] ), M and K B would be constant and K T directly proportional to the applied tension. Therefore, 2 would be linearly dependent on the applied tension T and the following equation, known as Galef's equation [1] , would describe exactly the dependency of the resonant frequency on T:
where 0 = ( ∕ ) 1∕2 is the natural frequency when no axial load is applied and P cr is the critical buckling load. The previous equation can be rewritten as:
where ̄ is the normalized tension parameter, which like K T , is also proportional to T . Note that when = − both the stiffness and frequency are zero which, by definition occurs when ̄ = −1 or, equivalently, = − .
Unfortunately, Eq. (5) does not hold when Y depends on the applied tension. Bokaian [4] tackled this problem by introducing a new coefficient called b into Eq. (5) , in order to approximately account for the dependence with tension (see Eq. (7) ). The beam end conditions determine entirely the value of b , obtained in [4] , where the modal shape of a beam with no axial load was assumed.
Bokaian's equation implicitly assumes that K B and M are tension independent and K T linearly dependent on T . The modified corresponding spring-mass system is depicted in Fig. 2 .
Finally, Bokaian's Eq. (7) can be rewritten in its most known form:
This equation constitutes a simple upper bound approximation [4] to beams under tensile loads with different end conditions, whose effects are accounted for in the coefficient b . Numerical simulations show that it is accurate (error ≲ 1%) for small positive axial loads ( ̄ ≲ 1 ), but does not work so well for medium or large ones ( ̄ ≳ 15 − −20 ), where it typically has a ∼ 5-15% error. For large axial loads, the beam behaves like a tensioned string and Bokaian proposed to use the well-known string solution ( [25] ) as a lower bound approximation to the natural frequency. Unfortunately, the transition between small axial loads and the string behavior at medium/large axial loads cannot be well described by any of the previous equations.
The main objective of this article is to provide a simple model or equation that predicts the natural frequency for a very large range of axial loads accurately, including compressive loads down to the buckling point ( ̄ = −1 ) and the transition between low axial loads (flexural regime) and large axial loads (tensioned-string regime).
Correction term and new extended lumped 1-D model
The beam-to-string transition is governed by the relative importance of the first and second terms in Eq. (2) . In order to model this transition, let us introduce a correction term into Eq. (7) of the form:
whose associated spring-mass model is shown in Fig. 3 . Again, as in Eqs. (6) and (8) , the previous equation can be written in terms of ̄ and Ω , yielding the simpler form:
The natural frequency of the axially tensioned system may be also written in terms of the natural frequency of the same system without axial load 0 , applied tension T and critical buckling load for mode i , , which can be found in Table 1 of [4] , for example. For simplicity, all parameters are tabulated in Table 2 and Table A .3 in Appendix A :
As it will be shown in Section 3 , the new correction term can accurately model the interaction between the first and second left-hand-side (LHS) terms of Eq. (2) and thus determine the transition characteristics from one regime to the other.
Writting the relationship between applied tension and resonance frequency as in Eqs. (9) and (11) has one worth-mentioning advantage: parameters , and are invariant in symmetrically equivalent systems. This equivalency is shown explicitily in Table 1 . The invariancy will be confirmed in Section 3 , where the 3 parameters will be calculated in the cases shown in Table 1 . 
Analytic derivation of , and
Parameters , and may be calculated analytically provided that 3 conditions are imposed to Eq. (10) . Let us use the following ones: Condition 1 With very large axial load ( ̄ → ∞) the beam must behave as a tensioned string or cable.
Firstly, let us rewrite the classic relations between f and T for tensioned strings in terms of Ω and ̄ . According to [4] these may be put in the following form:
where Γ i is shown in column 18 of Table 1 in [4] , and is also displayed in Table 2 of this work. On the other hand, the natural frequency of an unloaded beam is:
where i can be found in page 108 of [25] or Table 2 . Using Eqs. (12) and (13) it is now straightforward to write Ω as a function of ̄ :
Secondly, note that when ̄ → ∞ Eq. (10) may be simplified to:
(String limit of equation 10)
Which shows that the behavior of Eq. (10) at very large axial load is solely determined by . Finally, comparison of Eqs. (14) and (15) Firstly, note that when ̄ → 0 Eq. (10) may be simplified to:
By comparing Eq. (17) with Bokaian's Eq. (8) the following correspondence can be made:
And may be found with the following relation:
Condition 3 Resonance frequency must be zero ( Ω = 0 ) at the buckling load ( ̄ = −1 ).
Note that this important condition is met by Galef's Eq. (6) but not so by Bokaian's Eq. (8) . In our case, making Ω = 0 at ̄ = −1 in Eq. (10) yields:
where the relation (19) has been used to express as a function of and b .
Result comparison and discussion
Numerical simulations were performed to obtain the frequency versus applied tension curves for the same boundary conditions considered in Bokaian's works [3, 4] . To this end, a very long and thin beam ( ∕ = 10000 ) was simulated using a quadratic three-node beam element in 3-D (BEAM189) from commercial finite-element software ANSYS®. The axial loads were applied via temperature offsets. Modal analysis yielded the beam natural frequencies for the first 5 modes as a function of the applied axial load. The accuracy of the simulations is estimated in ± 0.05%, except very close to the buckling point, where it worsens and results in that area are treated with special care.
Analytical results
The coefficients of Eq. (10) for the fundamental mode were calculated analytically for the 8 end conditions considered. They are shown in Table 2 . As shown in Section 2.6 , the 3 coefficients are calculated using some parameters found in the literature that are also shown for convenience in Table 2 .
The main objective of Table 2 is to compare the maximum deviation from the theoretical values for Eqs. (10) , (6) and (8) , which are our equation, Galef's and Bokaian's, respectively. Bokaian's equation is not applicable for compressive loads, especially close to the buckling point, so only the other two are compared in that region. In the region ( −1 < ̄ < 1 ), Eq. (10) provided an accuracy close to the numerical precision ( ± 0.05%). This means improvements of an order of magnitude or better with respect to Galef's equation.
For the positive axial load region ( 0 < ̄ < ∞) our equation also performed very well compared to Bokaian's Eq. (8) . In our opinion, it is remarkable that it provided an accuracy around 0.1% for the free-free and sliding-free cases. This means two orders of magnitude better than Bokaian's equation.
Unfortunately, condition 3 does not work with higher modes. The reason is that Eq. (10) does not work well when the axial load is more negative than the buckling load of mode 1. As a consequence, only analytical results for the fundamental mode are given in Table 2 . This is also the reason why the pinned-free case cannot be calculated analytically; it is equivalent to mode 2 of the free-free case, as shown in Table 1 . The strange behavior of the pinned-free case is also briefly discussed in [4] , and this equivalency is an alternative way to look at it.
Numerical results
The parameters , and from Eq. (10) were calculated by fitting the model to the obtained frequency-load curves. The resulting parameter values are displayed in Table A .3 for each mode and type of end conditions. Also, maximum deviation of Eq. (10) from numerical simulations is given for each case. Eqs. (14) and (15) were used to calculate the error at ̄ = ∞, where applicable. The range of tested axial loads was, Fig. 6 . Bokaian, new extended model and Galef deviations from numerical simulations for mode 1 and several end conditions as a function of normalized tension ( ̄ ), for large axial loads.
at least, −1 < ̄ < 100 for the fundamental mode. For higher modes the error is given only down to the buckling axial load of mode 1 which, for the clamped-sliding case, for example, corresponds to ̄ = −1∕4 . As explained at the end of the previous section, the behavior of higher modes under more compressive axial loads than the buckling load of mode 1 is not well described by our equation. In addition, mode 1 of the pinned-free case is atypical given that the behavior in the region ( −1 . 0 < ̄ < −0 . 5 ) is qualitatively different from the other cases and not well described by any of the studied equations (Galef's, Bokaian's and ours). As a consequence, only the error when −0 . 5 < ̄ is given in the pinned-free case.
The first mode data for ̄ > 0 was plotted in Fig. 4 . It gives a good general comparison between numerical simulations, Bokaian closedform equation, the tensioned-string limit and the new closed-form equation presented in this work. The solid line above and below the numerical simulation data are the Bokaian upper bound and the tensionedstring (no flexural stiffness) lower bounds, respectively. For comparison purposes Fig. 4 has the same format as figure 13 in Bokaian's paper [4] . For the clamped-free case, Bokaian's equation accuracy if significantly poorer than for the other cases, but the beam-to-string transition is still accurately modeled by our Eq. (11) .
The accuracy of Galef's, Bokaian's and our equation for the fundamental mode and eight boundary conditions is shown in Figs. 5 and 6 , for small and large axial loads, respectively. Bokaian's equation error can be higher than 20% in the worst case scenario for 0 < ̄ < 100 (see clamped-free case of Fig. 6 ). However, Table A .3 shows that the new extended model fits remarkably well the transition from one regime to the other, yielding errors smaller than 0.36% in the worst case scenario for −1 < ̄ < 100 . Note that this also includes compressive axial loads. In general, the error for mode 3 and higher is very small, similar to simulation precision when ̄ < 100 . In addition, the and values converge to 1 and 0, respectively, the higher the mode. This confirms Bokaian statements that "the effect of end constraints on natural frequency is significant only in the first two modes ", and "for higher modes the equation Ω = √ 1 + ̄ may be used for all beams ". For this reason, only the errors for the first two modes are plotted in Figs. 5-8 .
Remarkably, the error is smaller than 0.08% for the fundamental mode in the free-free and sliding-free cases, and considering the full range ( −1 < < ∞). Therefore, the extended model yields a near exact closed-form solution of the transcendental equation that arises from Eq. (2) for obtaining the resonant frequency (see Appendix B ). Given that no accurate explicit closed-form solution existed, the transcen- Fig. 7 . Bokaian, new extended model and Galef deviations from numerical simulations for mode 2 and several end conditions as a function of normalized tension ( ̄ ), for small axial loads. Note that the New Extended Model is very accurate down to the buckling load of mode 1 (indicated with a vertical line and a dot), which can be found in Table A. 3 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) dental equation had to be solved numerically in [10] for the free-free case.
For the fundamental mode, Galef's equation showed an approximately linear error relationship with the compressive load (see Figs. 5 and 6 ), achieving errors typically larger than 1-2% near the buckling region ( ̄ → −1 ). The New Extended Model yielded a significantly better accuracy than Galef's equation as Fig. 5 shows. Figs. 7 and 8 show the error for axial loads in the second mode. Again, in this case, the accuracy improvement for mode 2 is very significant for compressive loads, when compared with either Bokaian's or Galef's closed-form equations. Table A .3 shows the optimized values for the three parameters of the new extended model ( , and ). Note that our equation has only two independent parameters if condition 1 (string limit) from Section 2.6 is applied to the higher modes. For the fundamental mode, any or all of the 3 conditions may be applied to reduce the number of independent parameters.
Finally, it is interesting to note that the parameters , and in Table A .3 are identical in the equivalent cases shown in Table 1 . The optimization yielded very similar although not identical parameters which is attributable to the numerical precision of the simulations and the exact buckling load assumed. In these cases the 3 parameters were tweaked so they were coincident for the sake of consistency. The maximum error is obviously given for the final tweaked parameters shown in the table.
Conclusion
No known exact closed-form solution relates the natural frequencies of beams under general boundary conditions with the applied tension. Some approximate equations proposed in the literature have been discussed. Some work reasonably well for small axial loads [1, 4, 10] , but the error can be higher than 10% for medium and large axial loads or compressive ones which are not necessarily close to the buckling point. Others are only applicable for tensile or relatively large axial loads [15] [16] [17] [18] [19] . Some very useful but also relatively complex methodologies have been proposed in the literature to analyze even more complicate systems. They show how to find the associated transcendental equation that relates axial load and resonance frequency, but ultimately it is only solvable numerically.
In this work, a new closed-form equation that models very accurately the natural frequencies of axially loaded beams with various end conditions as a function of the applied axial load was presented. It models accurately the beam-to-string transition of beams under axial tension. To best of the authors' knowledge, it is the first closed-form in the literature that is very accurate in the full range of axial loads; from the buckling load of the fundamental mode to the string limit regime. Its accuracy was compared to two well-known simple closed-form equations, achieving improvements better than one order of magnitude for medium and large axial loads in the fundamental resonant mode. Similar improvements were achieved for compressive loads, which were more evident the closer to the buckling point in all cases, except in the pinnedfree compressive case. It was shown that this later case is equivalent to the second mode of the free-free case.
The new closed-form is invariant for cases which are symmetrically equivalent, like the fundamental modes of the clamped-clamped and clamped-sliding cases, for example. This was confirmed with numerical simulations.
Remarkably, for the free-free and sliding-free cases, the accuracy of the new closed-form equation is within 0.08%, even when the axial load is close to the buckling point or in the string-limit regime. For the freefree and sliding-free cases, it is a near exact solution of the transcendental equation that describes the relationship between applied axial load and resonance frequency of axially loaded beams. For this reason, the equation proposed herein may be used for solving analitically and yet very accurately, similar transcendental equations in other areas of study.
The new closed-form equation may also be used to accurately estimate the tension from the resonance frequency, or the propagation speed with the beam tension. It is well suited for studying long beams that may or not be strongly tensioned or compressed, as nanotubes.
Interestingly, the presented closed-form equation describes the resonance of a simple spring-mass model formed by three springs in parallel, where one of them can be decomposed into two springs in series. Therefore, it provides a very simple but accurate lumped method to model axially loaded beams. Potentially, it may be used for lumped modeling of more complex axially loaded cases, like elastic supports, inhomogeneous beams, harmonic vibrations, or maybe other structures like plates or membranes. [4] . However, simulations show it is 8.18/4 approximately, which is the value used in this work.
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Appendix B. Transcendental characteristic equation of a free-free beam
The transverse vibrations of a beam under axial tension or compression is described by Eq. (2) . The relationship between applied tension and resonance frequency can be obtained from this equation after solving the associated characteristic/frequency equation. Unfortunately, it is generally transcendental and therefore analytical solutions are not available and numerical procedures are required. The free-free case is one example where the analytical solution is not available. However, Eq. (10) or, equivalently, (11) work remarkably well as an approximate solution. For this reason, we feel it is appropriate to show the transcendental characteristic equation of a free-free beam [2, 10] explicitly: Table 1 in [4] 
